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Planck scale physics may influence the evolution of cosmological fluctuations in the early stages of
cosmological evolution. Because of the quasiexponential redshifting, which occurs during an inflationary
period, the physical wavelengths of comoving scales that correspond to the present large-scale structure of
the Universe were smaller than the Planck length in the early stages of the inflationary period. This trans-
Planckian effect was studied before using toy models. The Horava-Lifshitz (HL) theory offers the chance to
study this problem in a candidate UV complete theory of gravity. In this paper we study the evolution of
cosmological perturbations according to HL gravity assuming that matter gives rise to an inflationary
background. As is usually done in inflationary cosmology, we assume that the fluctuations originate in their
minimum energy state. In the trans-Planckian region the fluctuations obey a nonlinear dispersion relation of
Corley-Jacobson type. In the ‘‘healthy extension’’ of HL gravity there is an extra degree of freedom which
plays an important role in the UV region but decouples in the IR, and which influences the cosmological
perturbations.We find that in spite of these important changes compared to the usual description, the overall
scale invariance of the power spectrum of cosmological perturbations is recovered. However, we obtain
oscillations in the spectrum as a function ofwave numberwith a relative amplitude of order unity andwith an
effective frequencywhich scales nonlinearlywithwave number. Taking the usual inflationary parameterswe
find that the frequency of the oscillations is so large as to render the effect difficult to observe.
DOI: 10.1103/PhysRevD.86.043514 PACS numbers: 98.80.Cq
I. INTRODUCTION
The inflationary scenario [1] has become the current
paradigm to describe the early evolution of the Universe.
The success of this theory comes from a number of pre-
dictions which have been confirmed by the observations,
the main one being the causal mechanism for the genera-
tion of the primordial cosmological perturbation which
inflation provides [2]. Inflation is generally modeled by
general relativity (GR) coupled to scalar field matter. The
scalar field (called the inflaton) is responsible for the
accelerated expansion of space. The success of inflation
as a theory for the origin of structure comes from the fact
that the wavelengths of fixed comoving modes which are of
cosmological interest today, namely, wavelengths corre-
sponding to the present large-scale structure and to the
cosmic microwave background anisotropies, were sub-
Hubble at the beginning of the period of inflation. They
cross the Hubble horizon about 50–60 Hubble times, or
e-folds, before the end of inflation. Thus, inflation must last
at least that long to solve the problems of the standard
cosmological model [3,4].
Most inflationary models have a period of accelerated
expansion which lasts much more than the 50–60 e-folds
required to solve the standard cosmological model prob-
lems. If the period of inflation lasts for more than about 70
e-folds (this number depends very slightly on the energy
scale at which inflation takes place—to get the above
number we are assuming that it is the grand unification
scale), then all of the wavelengths important today were
smaller than the Planck length at the beginning of inflation.
In this regime we cannot trust the calculations since gen-
eral relativity will no longer yield a good description of the
physics. This is the known trans-Planckian problem for
cosmological fluctuations [5]. A correct computation of
both the generation and evolution of fluctuations in the
trans-Planckian regime must be done in the correct UV
completion of the theory.
This problem is named after the analogous trans-
Planckian problem for Hawking radiation in black-hole
physics [6]. In the cosmological context this problem was
discussed in the literature in many different toy model
modifications of general relativity coupled to a canonical
scalar field. These models describe the evolution on sub-
Planckian wavelengths by imposing ad hoc modifications
of the usual physics, e.g. modified dispersion relations
[7,8] or noncommutativity [9] (see also [10]). It is possible
to construct toy models in which the standard predictions
of inflation are changed; in others, they are maintained [7]
either fully or up to small corrections. For example,
imposing the usual initial conditions on a timelike ‘‘new
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physics hypersurface’’ [11] given by the physical wave-
length being some fixed UV cutoff scale smaller than or
equal to the Planck scale yields a scale-invariant power
spectrum of curvature fluctuations with small amplitude
superimposed oscillations [12]. If, on the other hand, we
assume that a short period of inflation is preceded by a
short nonsingular bounce and (before that) the time reverse
of the background evolution, then a deep red spectrum with
index ns ¼ 3 results [15]. However, to go beyond toy
model studies, we must be able to perform the analysis of
cosmological fluctuations in a full quantum gravity theory.
Horava-Lifshitz (HL) gravity [16] is a candidate theory
of quantum gravity which provides a well-motivated
framework for describing the evolution of the Universe
on trans-Planckian scales. It is a theory of gravity in
3þ 1 dimensions which uses the same metric degrees of
freedom as general relativity but which is power-counting
renormalizable (with respect to the scaling symmetry to be
introduced below). This is achieved by picking a preferred
time direction, thus abandoning the full space-time diffeo-
morphism invariance (reducing the symmetry to simply
spatial diffeomorphisms), and by introducing an aniso-
tropic scaling of Lifshitz type. The loss of space-time
isotropy has as a consequence the absence of Lorentz
symmetry, a symmetry which appears as an emergent
symmetry in the IR, where GR is recovered.
As a consequence of the loss of the space-dependent
time reparametrization symmetry of general relativity, one
of the four gauge symmetries for cosmological perturba-
tions (namely, the space-dependent time rescaling symme-
try) is lost, and since the theory presents the same number
of basic degrees of freedom as general relativity, there is an
extra scalar perturbation mode (scalar in terms of its trans-
formation under spatial rotations) [17].
Since it was proposed by Horava in its most simple
version [16], many other versions of the theory were
proposed in the literature.1 We have mainly two versions:
the ‘‘projectable,’’ where the lapse function depends only
on time to mimic the reduced symmetry of the problem; or
the ‘‘nonprojectable’’ version, where the lapse function
depends on space and time as in GR. In the projectable
version the extra degree of freedom of the theory is
dynamical [18] and ghostlike or tachyonic. This version
is also plagued by ‘‘strong coupling’’ problems [19,20],
which may spoil the validity of this setup.
In the original form of the nonprojectable version, the
extra degree of freedom is nondynamical [21] at linear
order about a spatially homogeneous and isotropic back-
ground. Strong coupling problems may arise [20,22]. The
most studied type of nonprojectable theory (one which
contains all of the terms which are allowed by power-
counting renormalizability and symmetry) is the ‘‘healthy
extension’’ [23] that appears to fix these strong coupling
problems and pathologies associated with the extra degree
of freedom that appear in the other versions of the theory.2
Fluctuations in the healthy extension of HL gravity were
first considered in [24]. As it was shown in [25], the extra
degree of freedom now becomes dynamical. With appro-
priate choices of the parameters in the HL Lagrangian, the
extra degree of freedom is neither ghostlike nor tachyonic.
It is important only in the UVand decouples in the IR. This
is interesting from the point of view of cosmology since we
know, from observations, that we can only have one prop-
agating scalar metric degree of freedom in the IR. On the
other hand, the fact that in the UV there are two propagat-
ing degrees of freedom makes the theory a promising one
to study in the context of the trans-Planckian problem for
fluctuations [26].
In the presence of spatial curvature, HL gravity can lead
to bouncing cosmological solutions [29]. Here, however,
we will assume the existence of scalar field matter which
leads to an inflationary phase during the evolution of the
early Universe. We will use the healthy extension of
HL gravity to study the trans-Planckian problem for fluc-
tuations. We are interested in checking, based on a well-
motivated description of the UV and IR theory, if the
predictions of inflation for cosmological perturbations are
altered. We will have to take into account two effects: the
change in the physics in the UV region that will be mani-
fest in a modified dispersion relation of Corley-Jacobson
type [30] (as the ones which were studied in [7]), and the
presence of an extra degree of freedom that will be
dynamical in the UV (for wavelengths smaller than the
Hubble radius in our case). This extra degree of freedom
can be interpreted as an ‘‘entropy’’ perturbation, in analogy
with what occurs in multifield inflation models [31], but in
this case the extra field is a scalar perturbation of the metric.
The entropy mode is coupled to the ‘‘adiabatic perturba-
tion’’ and will influence its dynamics while the wavelength
is sub-Hubble. Thus, we need to analyze the coupled system
of differential equations for both scalar perturbation modes
in the different regimes of the theory in order to evaluate the
final power spectrum of the ‘‘adiabatic’’ mode.
The article is organized as follows. In Sec. II we give a
brief description of the healthy extension of HL, setting up
the theory we are using and calculating linear perturbations
about a homogeneous and isotropic background. We show
how the reduced symmetry group gauges only one of the
degrees of freedom, leaving one extra degree of freedom,
by calculating the second order action. In Sec. III we study
the cosmological perturbations. First we find the canonical
variables of the problem and show that one of these corre-
sponds to the usual Mukhanov-Sasaki variable and the
other decouples in the IR. We take the UV limit of the
1For reviews, see [46].
2There is still a debate in the literature if the ‘‘healthy
extension’’ is indeed free of ‘‘strong coupling’’ problems.
More on this matter can be found in [47].
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theory to find the contributions of the trans-Planckian
physics. The initial state is calculated by minimizing the
vacuum energy, and the solutions to the inhomogeneous
equations of motion are found in each region of the prob-
lem. Finally, the power spectrum is calculated. We find that
the overall scale invariance of the spectrum is maintained,
but that there are superimposed oscillations with an effective
frequency depending on the wave number (very different
from the oscillations which are seen in the approach of [11]
to the trans-Planckian problem). The amplitude of these
oscillations is not suppressed (again in contrast to what is
seen in [11]). However, the frequency of oscillation is very
large, making the effect extremely difficult to measure.
II. HEALTH EXTENSION OF HORAVA-LIFSHITZ
A. Background
In HL theory it is natural to use the Arnowitt, Desner,
and Misner (ADM) formalism that separates space-time
into time and spatial foliations:
ds2 ¼ N2dt2 þ gijðdxi  NidtÞðdxj  NjdtÞ; (1)
where gijðt; xÞ is the metric of the spatial section, N is the
lapse function, and Niðt; xÞ is the shift vector. As men-
tioned, the lapse function can be restricted to depend only
on time, yielding the projectable theory, or else it is taken
to depend on both space and time, yielding the nonproject-
able version. The healthy extension is a nonprojectable
version of the theory with all of the terms allowed by the
residual symmetries and by power-counting renormaliz-
ability included. Thus N ¼ Nðt; xÞ and we describe the
same lapse function as in GR. In this case, we must include
in the action terms proportional to the quantity
ai ¼ @iNN : (2)
Because of the anisotropic scaling, the classical scaling
dimensions of the coordinates of the theory (when the
scaling dimension is z ¼ 3 as it is in four space-
time-dimensional HL gravity) are, in units of spatial
momenta, ½ts ¼ 3, ½xis ¼ 1. With this we have that
½r  @i@i ¼ 2. The ADM fields have scaling dimension
½gijs ¼ ½Ns ¼ 0 and ½Ni ¼ 2.
The action of HL gravity is constructed by including all
terms with scaling dimension smaller than or equal to six,
in order to obtain a theory which is power-counting renor-
malizable, and which are invariant under the spatial diffeo-
morphisms, i.e. under elements of the symmetry group
DiffF . The healthy extension action can be written as,
following [25] (see also [32,33]),
S ¼ 2
Z
dtd3x
ﬃﬃﬃ
g
p
NðLkin LV LE þ 2LMÞ; (3)
where 2 ¼ 1=16G. The kinetic term is the one that con-
tains time derivatives of the metric in a covariant way with
respect to the new foliating preserving symmetry, DiffF :
L kin ¼ KijKij  K2; (4)
where Kij ¼ ð1=2NÞð _gij riNj rjNiÞ is the extrinsic
curvature of the constant time hypersurfaces. The potential
term is constructed by including all terms that preserveDiffF
until the sixth spatial derivative:
LV ¼ 2 Rþ 1
2
ðg2R2 þ g3RijRijÞ
þ 1
4
½g4R3 þ g5RRijRij þ g6RijRjkRki
þ g7Rr2Rþ g8ðriRjkÞðriRjkÞ; (5)
where  is the cosmological constant and has dimension of
momentum squared and the coefficients are dimensionless.
The new components proportional to ai that appear in the
healthy extension are
LE ¼ aiai þ 1
2
ð2ai 4 ai þ 3Rriai þ . . .Þ þ 1
4
 ½4ai 42 ai þ 5 4 Rriai þ 6R2riai þ . . .;
(6)
where the coefficients are dimensionless. As we are inter-
ested in obtaining an inflationary background cosmology, we
include matter in the form of a scalar field, with matter
Lagrangian [34]
LM ¼ 1
2N2
ð _ Ni@iÞ2 þ Vð; @i; gijÞ; (7)
where the potential terms are given by
Vð; @i; gijÞ ¼ V0 þ V1P0 þ V2P21 þ V3P31 þ V4P2
þ V5P0P2þ V6P1P2; (8)
with P0  ðrÞ2, Pi  4i, 4  gijrirj, and Vi are
constants. The scalar field has scaling dimension ½s ¼
ðd zÞ=2 ¼ 0. In theway it iswritten above, the coefficients
are not dimensionless as the previous coefficients are. If we
want to write them as dimensionless coefficients we have to
make the following substitution: the order two coefficientV1
is already dimensionless; the order four coefficients are
changed to V2 ! ~V2=2 and V4 ! ~V4=2, with ~V2 and ~V4
dimensionless; and the dimension six coefficients are
changed to V3 ! ~V3=4, V5 ! ~V5=4, and V6 ! ~V6=4,
with ~V3, ~V5, and ~V6 dimensionless.
The nonprojectable version of HL can contain more than
60 terms. Here we only considered the ones that are
important for the scalar part of the perturbations, the
perturbations we are interested in. In the IR the GR action
is recovered when  ¼ 1.
We can now obtain the Hamiltonian and momentum
constraints. Varying the action with respect to Niðt; xjÞ,
we have the momentum constraint
riij ¼ 
2
4
Jj; (9)
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where ij  Lkin _gij ¼ Kij þ Kgij and Ji  N
L
Ni
¼
1
N ð _ NkrkÞri. Note that (9) is a local constraint.
The Hamiltonian constraint can be obtained by varying
the action with respect to the lapse function, Nðt; xiÞ,
L kin þLpot þLE þ N LEN ¼
1
42
Jt; (10)
with Jt  2ðN LN þLÞ and the new terms from healthy
extension:
N
LE
N
¼ 2riai  22
2
4riai þ 3
2
4 R
 24
4
42 riai þ 5
4
42 Rþ 6
6
4 R2 þ . . . :
(11)
This constraint is a local constraint, unlike what happens in
the projectable version of the theory.
One might think that the presence of two local con-
straints should lead to a reduction of the number of degrees
of freedom of the theory to have the same number as in
general relativity. However, this is not the case. The local
Hamiltonian constraint is not able to decouple the extra
degree of freedom in all the regimes of the theory, only in
the IR. We can see this by studying cosmological pertur-
bation theory.
B. Perturbations
Perturbing about an isotropic and homogeneous universe
described by the spatially flat Friedmann-Robertson-Walker
metric,
ds2 ¼ dt2 þ a2ijdxidxj; (12)
the background values and scalar perturbation of the ADM
variables are given by [3]
N þ Nðt; xkÞ ¼ 1þ ðt; xkÞ; (13)
Ni þ Niðt; xkÞ ¼ @iBðt; xkÞ; (14)
gij þ gijðt; xkÞ
¼ a2ij þ a2ðtÞ½2c ðt; xkÞij þ 2Eðt; xkÞ;ij: (15)
We must also consider the perturbation in the scalar field,
given by
ðt; xkÞ ¼ 0ðtÞ þ ðt; xkÞ: (16)
The invariance under DiffF allows us to set E ¼ 0.
Because of the reduced symmetry we can no longer con-
strain another degree of freedom of the perturbations and
use the standard gauges used in GR [3]. Thus we are left
with more degrees of freedom than we would have in GR:
, B, c , and . We can reduce the number of degrees of
freedom by solving the constraints of the theory.
Expanding the momentum and Hamiltonian constraints
to first order, we can use them to solve only for two degrees
of freedom (in a spatially flat background), namely,  and
B. In the momentum space, we can rewrite the equation
using the physical momentum k  k=a (as done in [25]):
dðkÞBkðtÞ¼ð31Þ
 _20
2 k2
þ2f1ð kÞ

_c kðtÞ
ð31ÞH
_20
2 k2
_kðtÞ4ð31Þf2ð kÞHc kðtÞ


ð31Þ

Vo;ð0ÞþV4ð0Þ k4Hþ3ð3
1Þ _0H2
_30
22
 _0f1ð kÞ k2

kðtÞ
2 k2
;
(17)
dð kÞkðtÞ ¼ ð 1Þ
_0
2
_kðtÞ  4ð3 1ÞH _c kðtÞ
þ 4ð 1Þf2ð kÞ k2c kðtÞ þ fð3 1Þ0H
þ ð 1Þ½V0;ð0Þ þ V4ð0Þ k4gkðtÞ
2
;
(18)
where H is the Hubble expansion rate, and where
we introduced the following functions to simplify these
equations:
f1ð kÞ  þ 2
k2
2
þ 4
k4
4
;
f2ð kÞ  1þ 3
k2
2
þ 5
k4
4
; (19)
dð kÞ  4ð3 1ÞH2 þ ð 1Þ
 _20
2
þ 2f1ð kÞ k2

(20)
¼ 4ð3 1ÞH2

1þ  1
2ð3 1Þ
_20
2
H2
þ  1
2ð3 1Þ

þ 2
k2
2
þ 4
k4
2
 k2
H2

: (21)
Since we have the function dð kÞ in both solutions,BkðtÞ and
kðtÞ are regular in the limit ! 1 as long as H  0. The
second expression in (21) is valid only when   1=3 and
H  0. From this, we can see that the value of the physical
momentum that separates the regions of high and low
energy is proportional to H, the square of the correspond-
ing length being 12ð31Þ
1
H2
. We are going to see later that in
the de Sitter case this corresponds exactly to the Hubble
horizon, the scale where the cosmological perturbations
freeze out. Thus, the scale that separates the UV and IR
limits in the healthy extension of HL gravity is the same as
the event horizon of de Sitter inflation. Beyond this length
scale the evolution is similar to GR.
We can write the second order Lagrangian for the per-
turbations using the constraints (18) in the following way:
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2Sscalar ¼ 2
Z
dt
d3k
ð2Þ3 a
3ðc _2k þ cc _c 2k
þ cc _2k _c 2k þ fk _k þ fc c k _c k
þ fc c k _k þ fc _c kk m22k
m2c c 2k m2c c kkÞ; (22)
where the coefficients are given in Appendix A. We can see
that this action has two dynamical degrees of freedom with
mixed kinetic terms. They cannot be combined into one
degree of freedom, the Mukhanov-Sasaki variable [35,36],
	  c þ H_0 , as is done in the case of cosmological
perturbations in GR [3,4] or even in the nonprojectable
version of HL gravity with detailed balance [21].
We cannot diagonalize the entire action. Similar to what
is done in multifield inflation, we are going to make a
rotation in field space to find the true propagating and
canonical variables of the problem.3 For this we will
diagonalize the kinetic term of the action. We can write
the action in vector and matrix form as
2S ¼ 2
Z
dt
d3k
ð2Þ3 a
3

ð _k _c k Þ
c
1
2 cc
1
2 cc cc
 !
 _k
_c k
 !
þ ð _k _c k Þ
f fc
f ~c fc
 !
k
c k
 !
þ ðk c k Þ
m2  12m2c
 12m2c m2c
0
@
1
A k
c k
 !
: (23)
Diagonalizing the kinetic term which we call C, we find that the eigenvalues are given by [37]
dð kÞ1;2 ¼ ð3 1Þ
2

ðH2 þ _20Þ þ f1ð kÞ k2
 ð 1Þ
2ð3 1Þ þ 2
2


ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð3 1Þ2
4

ðH2 þ _20Þ2 þ 2ðH2  _20Þ
 ð 1Þ
2ð3 1Þ  2
2

þ f21ð kÞ k4
 ð 1Þ
2ð3 1Þ  2
2

2
s
: (24)
Given these eigenvalues we have to determine the rotation
matrix S that diagonalizes C and then apply it to the entire
action. Imposing the normalization condition, the eigen-
vectors of C can be determined and the rotation angle can
be inferred from
tanð2
Þ ¼ cc
cc  c : (25)
We need to apply the diagonalization matrix in the entire
action to write it in terms of the new variables. As a result
of this algebra we find that, up to total derivative terms, we
have that the action in terms of the new basis with the
diagonalized kinetic term is given by
2S ¼ 2
Z
dt
d3k
ð2Þ3 a
3½1 _23 þ 2 _24 þ F3 _33
þ F4 _44 þ F34 _34 þ ~F343 _4
M2323 M2424 M23434; (26)
where the new rotated variables are given by
3
4
 !
¼ St k
c k
 !
(27)
where St is the transpose of the rotation matrix and the new
coefficients are given in Appendix B.
III. COSMOLOGICAL PERTURBATIONS
AND THE POWER SPECTRUM
Because of the power-counting renormalizability, HL
gravity can contain terms up to sixth order in spatial
derivatives. The terms of highest order in momentum
dominate the evolution in the UV. As pointed out in
[38,39] this will lead to a scale-invariant initial power
spectrum of vacuum fluctuations. The reason is that the
form of the state which minimizes the HL Hamiltonian
is different from the one which minimizes the usual
Hamiltonian of a Lorentz-invariant theory. The difference
in Hamiltonians also affects the evolution of the state. We
have to investigate the evolution of the perturbations that
are generated inside the trans-Planck region until the IR
region where we recover the GR evolution and verify how
the new physics in the UV modifies the power spectrum.
Another effect in the healthy extension is the presence of
an extra degree of freedom that will only be dynamical in
the UV region of the theory, inside the Hubble radius. The
coupling of this extra mode to the adiabatic mode can also
be a source of modifications of the power spectrum of the
3Since we know from the theory of cosmological perturbations
in GR that the curvature fluctuations at late times are given by a
combination of metric and matter perturbations, we expect that
also here the canonical variables will be a combination of the
matter perturbation  and the scalar perturbation c of the
metric.
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adiabatic fluctuation mode. In the following we will inves-
tigate these effects.
A. Equations of motion
It is convenient to perform a change of variables to
absorb the multiplicative factors in front of the kinetic
term and absorb the scale factor. The rescaled variables are
uk ¼ a
ﬃﬃﬃﬃﬃ
1
p
3; vk ¼ a
ﬃﬃﬃﬃﬃ
2
p
4: (28)
Up to terms which are total derivatives, the action becomes
2S ¼ 2
Z
d
d3k
ð2Þ3

u02k þ v02k þ
F34aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p u0kvk
þ
~F34aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p ukv0k þ!2uu2k þ!2vv2k M2uvukvk

;
(29)
where  is conformal time, and a prime is the derivative
with respect to conformal time. The frequencies and mass
are given by
!2u ¼ a2
3HF3 þ _F3 M23
1
þ

H þ 1
2
01
1
0
þ

H þ 1
2
01
1

2
; (30)
!2v ¼ a2
3HF4 þ _F4 M24
2
þ

H þ 1
2
02
2
0
þ

H þ 1
2
02
2

2
; (31)
M2uv ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p

F34a

H þ 1
2
01
1

 ~F34a

H þ 1
2
02
2

M234a2

; (32)
where H is the Hubble expansion rate with respect to
conformal time. With this, we can derive the equations of
motion for both dynamical variables of the problem:
u00k !2uuk ¼ 
1
2

v0ka
ðF34  ~F34Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p
þ vk

M2uv þ

F34aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p
0
; (33)
v00k !2vvk ¼ 
1
2

u0ka
ð ~F34  F34Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p
þ uk

M2uv þ
 ~F34aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p
0
: (34)
The evolution of these variables is of the form of coupled
oscillators with time dependent mass, where the right side
of the equations represents the interaction between the
oscillators.
After these calculations, some consistency checks must
be done to see if the system describes the expected physics.
(i) First consistency check: We need to check if the
variable 3 is the Mukhanov-Sasaki variable, the
one that we want to be the right canonical variable
described by the perturbations in the IR. In order to
check this, let us evaluate 3 e4:
23 ¼
1
2
ð1þ cos2
Þ2k þ
1
2
ð1 cos2
Þc 2k
þ sin2
kc k; (35)
24 ¼
1
2
ð1 cos2
Þ2k þ
1
2
ð1þ cos2
Þc 2k
 sin2
kc k; (36)
and using (B8) we can see that in the IR and when
H2  _20=2 we have
3  k þ H_0
c k; 4  H_0
k  c k:
(37)
We can see that the new variable 3 has the form of
the usual Mukhanov-Sasaki variable [35,36] in the
IR and it will hence describe the right observable.
(ii) Second consistency check: Now, we need to verify
that the extra variable4 decouples in the IR, which
means that its mass diverges in this limit, which then
leads to the presence of a single propagating degree
of freedom. Considering H2  _20, we obtain that
in the IR the eigenvalues are
1 ! 1
22
; 2 ! 

k
aH

2
; (38)
and in the UV
1 ! 1
22
; 2 ! 2 3 1 1 : (39)
From (33), (34), and (32) we can see that the mass
terms of the equations are divided by the respective
eigenvalue. So, from (38), we infer that 2 goes to
zero in the IR when k! 0 and its mass goes to
infinity. The extra degree of freedom 4 decouples
in this limit, as required for the theory to have an IR
behavior compatible with observations.
Having verified the consistency relations we need to
evaluate the coefficients appearing in the equations of
motion. We want to study the dynamics in the UV limit,
as we are interested in investigating the trans-Planckian
problem and the power spectrum at Hubble horizon exit. In
this way, we will determine the coefficients in this regime,
using the coefficients of Appendix B and (38) and (39).
B. UV limit
In the UV, the most important contributions come from
the highest orders in k. Therefore, wewill only consider the
highest order contributions in each coefficient:
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F3 / Oð1=k2Þ; F34 / OðconstÞ; M23 / Oðk6Þ; M234 / Oðk4Þ; (40)
F4 / Oð1=k2Þ; ~F34 / OðconstÞ; M24 / Oðk6Þ: (41)
The contributions of F3 and F4 are negligible in com-
parison with M23 and M
2
4
, which are also present in !2u
and in !2v, respectively. Hence we can simplify the equa-
tions of motion in the UV by considering !2u 2M23 þ
H 0 þH 2 and !2v 2M24 þH 0 þH 2:
u00k þ

2k6
a4
þ 
2k4
a2
þ c2sk2 H 0 H 2

uk
¼ v0ka2 þ vk

2k4
a2
þ3a2

; (42)
v00k þ

2k6
a4
þ 
2k4
a2
þ ~c2sk2 H 0 H 2

vk
¼ u0ka2 þ uk

	2k4
a2
þ3a2

; (43)
where in the interaction terms we also considered the
constant terms (which are the leading ones) of F34 and
~F34 since they are accompanied by a time derivative
term. Without a careful analysis of the influence of these
terms we cannot neglect them. The remaining coefficients
are given in Appendix C in terms of the dimensionless
coefficients. We can see that the terms have the expected
scaling dimension since we know that ½!2s ¼ 2.
The coefficient functions of the uk and vk terms on the
left-hand side of the above equations determine the disper-
sion relations of the mode functions in the UV. The domi-
nant term is the k6 term. These dispersion relations encode
the change in the physics in the UV due to the presence of
the higher space derivative terms in the HL action. These
dispersion relations are of the Coley-Jacobson [30] type and
have been used in [7] to study the trans-Planckian problem
for cosmological perturbations in the context of toymodels.
As is obvious from the above equations, in the healthy
extension of HL gravity we have to consider two effects in
the evolution of fluctuations in the UV regime which are
different from what is obtained using GR: first, the UV
modification of the dispersion relation introduced by the
UV complete action leads to a different form of the initial
state and to a different evolution of the modes on trans-
Planckian scales, and second, there is an extra degree of
freedom for scalar metric fluctuations which is active in the
UV. Through the mode coupling, fluctuations in this sec-
ond mode induce growing perturbations of the curvature
fluctuations. If we imagine imposing initial conditions for
all fluctuation modes at some initial time ti, then short
wavelengths are subject to the presence of the source term
for a longer period than long wavelengths. Hence, one
might expect that mode mixing will lead to important
deviations from scale invariance [40].
The effects of modified dispersion relations on the spec-
trum of fluctuations in inflationary cosmology were studied
in detail in [7] (see also [41] for a review). It was found that
if the dispersion relation is of the type for which the
adiabatic evolution of the mode function is maintained,
then no deviations from scale invariance of the perturba-
tion spectrum result. The dispersion relation which we
obtain is in this class. Hence, we expect that deviations
from scale invariance of the spectrum of curvature fluctua-
tions in an inflationary universe in HL gravity can only
come from the mode mixing effect.
After these preliminary discussions, we turn to the so-
lution of the above system of coupled equations. In the
linear approximation which we are using, each Fourier
mode evolves independently. The behavior of the mode
functions is different in the three regions of space-time
indicated in Fig. 1. Region I is the region where the k6 term
in the dispersion relation dominates, i.e. where  lc.
The wavelength lc where the k
6 term ceases to dominate is
given by the mass parameters in the higher space derivative
terms in the HL action. Based on cosmic ray constraints
[42] we know that lc must be smaller than the Planck
FIG. 1 (color online). Space-time diagram representing the
perturbation modes in the UV regions (region I, where the k6
term dominates, and region II, where wk / k) and in the IR
region (region III). The dotted red line shows the Planck length,
indicating that region I must be sub-Planckian.
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length lpl. In principle, there could be a small region of
wavelengths where the k4 term in the dispersion relation
dominates. However, this would require tuning of parame-
ters. We will assume that we can neglect the term in the
dispersion relation proportional to k4, and this is justified if
the conditions 2 	 l202 (for uk) and 2 	 l202 (for vk)
are satisfied. We will hence assume that for  lc the
linear term in the dispersion relation dominates. Thus there
is a region (region II with lc   lH, lH being the
Hubble radius) where the dispersion relation is linear, as
in standard GR theory. However, since the UV/IR scale is
given by the Hubble radius lH, in region II the extra degree
of freedom is still dynamical and the interaction between
the degrees of freedom must be considered. Region III is
the IR domain where wavelengths are larger than the
Hubble radius. In region III where  lH the extra degree
of freedom disappears. The perturbations will freeze out
and !2k;III ¼ a00=a. Hence, in this region the evolution of
curvature fluctuations is as in GR. We wish to calculate the
power spectrum at the time 2ðkÞ where the perturbation
mode k becomes larger than lH.
To construct the general solution to this system, we need
to match the different solutions from different regions at
the transition times. Considering an expansion of the
Universe of power-law inflation type, aðÞ ¼ l0ð1bÞ=2
(note that we recover de Sitter inflation when b ¼ 3), the
matching must be performed at the times
ju1jð1bÞ=2 ¼


cs

1=2 k
l0
; jv1 jð1bÞ=2 ¼


~cs

1=2 k
l0
;
(44)
which is the transition between regions I and II for the two
modes, with luc ¼ ð2Þð=csÞ1=2 and lvc ¼ ð2Þð=~csÞ1=2.
Considering the definition of the coefficients (32), we can
see that
lc ¼

4 ~V6
~V4
24
 2V1

1=4
lpl ¼ Clpl;
~lc ¼

8g7  3g8 þ 2
2
5
4

1=4
lpl ¼ ~Clpl: (45)
From the constraints imposed by gamma rays [42], lc and ~lc
cannot be larger than the Planck length.We do not want them
tobemuch smaller either; otherwise, the effective field theory
description of HL gravity becomes questionable. Hence, we
assume that the two lengths are a bit smaller but close to the
Planck length, and hence C and ~C are of order one.
The transition between regions II and III takes place at
the times
ju2j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  1
p
2
1
csk
; jv2 j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  1
p
2
1
csk
; (46)
with luH ¼ 4csl0jjð3bÞ=2=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  1
p
and lvH ¼
4~csl0jjð3bÞ=2=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  1
p
.
1. Initial conditions
Before solving this system of equations we need to deter-
mine the initial conditions. Since in inflationary cosmology
initial classical fluctuations redshift, it is usually assumed
that the initial conditions are given by quantum vacuum
perturbations, and that the system evolves following the
classical equations afterwards. In order to determine this
initial state we will make use of the Hamiltonian formalism
and canonically quantize the system. Since the Hamiltonian
in HL gravity is different from that in GR on the UV scales
which are relevant to us, thevacuumstate (defined as the state
which minimizes the Hamiltonian [7]) will differ.
From (29), it follows that the conjugate momenta for the
fluctuation modes are
puk ¼
@Lk
@u0k
¼ 2u0k þ
F34aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p vk;
pvk ¼ @Lk@v0k
¼ 2v0k þ
~F34aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
p uk: (47)
Hence we can write the Hamiltonian of the system for each
mode:
H k ¼ puku0k þ pvkv0k  Lk
¼ ðu02k !2uu0kÞ þ ðv02k !2vv0kÞ þM2uvukvk: (48)
We can now perform the canonical quantization. We
promote the variables to operators that satisfy the canonical
commutation relations,
½u^kðÞ; u^k0 ðÞ ¼ ½p^ukðÞ; p^uk0 ðÞ ¼ 0; (49)
½u^kðÞ; p^uk0 ðÞ ¼ ð3Þðk k0Þ; (50)
that come from ½ðx; tÞ; pðy; tÞ ¼ ið3Þðx yÞ (all the
others are equal to zero). We have the same relations for vk.
As region I is sub-Planck, the initial conditions ti
are given in the deep UV. In this limit, the term that
dominates is the one proportional to k6 and the expansion
of the Universe can be neglected. The interaction term is
also neglected initially and our system can be considered
as a free system in a Minkowski space-time. With this,
puk ¼ 2u0k and pvk ¼ 2v0k.
The fields of the noninteracting system can be expanded
in terms of creation and annihilation operators in the
standard way:
uðxÞ ¼ ﬃﬃﬃℏp Z d3pð2Þ3=2 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2!Iup ða^keikx þ a^
y
k e
ikxÞ; (51)
vðxÞ ¼ ﬃﬃﬃℏp Z d3pð2Þ3=2 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2!IIvp ðb^keikx þ b^
y
k e
ikxÞ; (52)
where !Iu ¼ k62=a4 and !IIv ¼ k62=a4. We can write
the Fourier components of the fields in terms of the anni-
hilation and creation operators:
ELISA G. M. FERREIRA AND ROBERT BRANDENBERGER PHYSICAL REVIEW D 86, 043514 (2012)
043514-8
uk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ℏ
2!Iu
s
ða^k þ a^ykÞ; puk ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ℏ!Iu
2
s
ða^k  a^ykÞ;
(53)
vk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ℏ
2!IIv
s
ðb^k þ b^ykÞ; pvk ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ℏ!IIv
2
s
ðb^k  b^ykÞ:
(54)
The creation and annihilation operators obey the commu-
tation relations ½a^k;a^yk0 ¼ð3Þðkk0Þ and ½a^k; a^yk0  ¼
ð3Þðk k0Þ, with all the others equal to zero. These com-
mutation relations are valid if the following normalization
condition holds:
u0ku
k  u
0kuk ¼ 2i; v0kv
k  v
0kvk ¼ 2i (55)
which is the Wronskian of the classical solutions. This
normalization allows us to fix the amplitude of ukðÞ
and vkðÞ such that it is compatible with the Heisenberg
uncertainty principle.
We can now determine the initial conditions for our
modes. Because of the normalization conditions (55), this
task is reduced to the determination of the effective fre-
quency at the initial time. As mentioned before, we choose
our initial state to be the one that minimizes the energy.
This is a good definition for the initial vacuum state since it
generalizes how the vacuum state is defined in the case
of a modified dispersion relation. As these fluctuations are
initially oscillating like they would in a Minkowski space-
time, our initial conditions prescription can be viewed as an
application of the Einstein equivalence principle to our
problem. Making the ansatz
uk ¼ rkðÞeik ; vk ¼ ~rkðÞei ~k ; (56)
we see that in order for these variables in this form to obey
the commutation relations (50) and the Wronskian condi-
tion (55), we have r2k
0
k ¼ 1 and ~r2k ~0k ¼ 1.
The energy of the system is
Ek¼12ðju
0
kj2þ!I2u jukj2Þþ
1
2
ðjv0kj2þ!II2v jvkj2Þ (57)
¼ 1
2

ðr0kÞ2 þ
1
r2k
þ!I 2u r2k

þ 1
2

ð~r0kÞ2 þ
1
~r2k
þ!II 2v ~r2k

:
(58)
Considering the minimal quantum fluctuations allowed
by the uncertainty principle, the minimum energy is
Eu;kðiÞ ¼ !Iu and Ev;kðiÞ ¼ !IIv , which corresponds to
rkðiÞ ¼ !I1=2u ; ~rkðiÞ ¼ !1=2v ; (59)
r0kðiÞ ¼ 0; ~r0kðiÞ ¼ 0: (60)
With this, the initial conditions are
ukðiÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!IuðiÞ
p ¼ aðiÞ
1=2k3=2
;
vkðiÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!IIvðiÞ
p ¼ aðiÞ
1=2k3=2
; (61)
u0k ¼ i
ﬃﬃﬃﬃﬃﬃ
!Iu
q
¼ i 
1=2k3=2
aðiÞ ; v
0
k ¼ i
ﬃﬃﬃﬃﬃﬃﬃ
!IIv
q
¼ i 
1=2k3=2
aðiÞ :
(62)
2. Solving the equation of motion
Having determined the initial conditions we can now
solve the equations of the system (43) in each region and
then match them. The only degree of freedom that is
propagating in the IR is uk, that corresponds to the observ-
able one in the long wavelength limit. This is the observ-
able that we are interested in obtaining the power spectrum
in order to compare with the results obtained in standard
inflation. Because of this, we are only interested in calcu-
lating the solution of uk. The perturbation vk acts as an
entropy perturbation, analogous to what happens in multi-
field inflation models [31], and will source the adiabatic
perturbation uk in regions I and II, decoupling in region III.
The equations of motion that we want to solve are
u00k þ

2k6
a4
þ c2sk2  a
00
a

uk ¼ Su; (63)
v00k þ

2k6
a4
þ ~c2sk2  a
00
a

vk ¼ Sv; (64)
where
Su ¼ v0ka2 þ vk

2k4
a2
þ3a2

;
Sv ¼ u0ka2 þ uk

	2k4
a2
þ3a2

(65)
are the interaction terms.
The homogeneous equations of motion have the same
form as the equations of motion studied in [7] in the case of
the Corley-Jacobson dispersion relation. In that work it was
found that the evolution depends sensitively on the signs of
the coefficients of the terms in the dispersion relation. In our
case we know from the construction of the ‘‘healthy’’ HL
action that the coefficients , , cs, and ~cs must be positive
to avoid exponential, ghost, and tachyonic instabilities. If
we evaluate the ‘‘adiabaticity coefficient’’ for our disper-
sion relation in the UV region and in the case of de Sitter
inflation, we obtain
Qðk; Þ 

2k42b þ c2sl402
2k42b  c2sl402
; (66)
and it is hence clear thatQðk; Þ> 1which implies that the
adiabaticity condition is satisfied. Hence, we know that
the state tracks the instantaneous vacuum state, and thus
the homogeneous solutions approach those of GR for
>lpl. The homogeneous evolution alone does not lead to
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differences in the power spectrum of cosmological perturba-
tions compared to what is obtained in standard inflation.
On the other hand, in both regions I and II these equations
are going to have both a homogeneous and a particular
solution, because these are the UV regions where the extra
degree of freedom is dynamical and mode mixing occurs.
Let us now turn to the effect of mode interactions in the
two UV regions and proceed to evaluate the analytic
solutions of the equations of motion in the presence of
the interaction in each region. For simplicity, we will
choose  ¼  and cs ¼ ~cs, in order to only have a com-
mon value of lc and lH for both modes.
In region I, the equation of motion reduces to
u00I k þ
2k6
a4
uI k ¼ Su; (67)
v00I k þ
2k6
a4
vI k ¼ Sv: (68)
We will only show here the calculations for uI k, since the
solution for vI k is identical, only changing the coefficients.
We are going to solve this equation using the Green’s
function method with the Born approximation. This means
that our solution is going to be the general solution of the
homogeneous equation Lu ¼ 0, where L¼ðd2=d2Þþ!2,
plus a particular solution of the inhomogeneous equation.
The particular solution is constructed using the fundamental
solution of LGð; aÞ ¼ ð aÞ, where Gð; aÞ is the
Green’s function. The solution is
ukðÞ ¼ uhkðÞ þ
Z þ1
1
fuðaÞGuð; aÞda (69)
where uh is the homogeneous one that obeys the initial
conditions (62), and the second term on the right-hand side
is the particular solution constructed from the Green’s
function.
The homogeneous solution has two independent
solutions:
uhI kðÞ ¼ A1jj1=2J1=2bðzÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
u1;k
þ A2jj1=2J1=2bðzÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
u2;k
; (70)
where z ¼ gjjb=b eg ¼ k3=l20. For the vI k equation we
would have ~z ¼ ~gjjb=b where ~g ¼ k3=l20. To determine
A1 and A2 we use the initial conditions discussed earlier.
Using the Wronskian of the Bessel functions, ½JJ1 þ
Jþ1JðzÞ ¼ 2 sin½=ð2bÞ=z, we obtain
A1 ¼ g2b sinð=ð2bÞÞ jij
b1=2uI kðiÞJ1ð1=2bÞðziÞ


1 jij
1b
g
uI kðiÞ
u0I kðiÞ
J1=2bðziÞ
J1ð1=2bÞðziÞ

; (71)
A2 ¼ g2b sinð=ð2bÞÞ jij
b1=2uI kðiÞJð1=2bÞ1ðziÞ


1þ jij
1b
g
uI kðiÞ
u0I kðiÞ
J1=2bðziÞ
Jð1=2bÞ1ðziÞ

; (72)
unless 1=2b is an integer, which we assume is not the
case.
In this regime, zi is large and proportional to
lH=ðiÞ  1. Thus, we can use the asymptotic expansion
of the Bessel functions for large arguments, JðxÞ ¼
ð2=xÞ1=2 cosðx =2 =4Þ, and rewrite the coeffi-
cients as
A1  i

g
2b

1=2jijðb1Þ=2 uI kðiÞsinð=2bÞ e
ixi ;
A2  i

g
2b

1=2jijðb1Þ=2 uI kðiÞsinð=2bÞ e
iyi ; (73)
where xiðÞ  ziðÞ þ ð=4bÞ  ð=4Þ and yiðÞ 
ziðÞ  ð=4bÞ  ð=4Þ.
We can rewrite the particular solution [in the case where
we have two independent solutions for the homogeneous
equation (68)] as
uðÞ ¼ u1;kðÞ
Z 1ðkÞ
i
d0W1u u2;kð0Þfuð0Þ
 u2;kðÞ
Z 1ðkÞ
i
d0W1u u1;kð0Þfuð0Þ; (74)
whereW is theWronskian of the solutions with index 1 and
2, which in region I is W ¼ 2A1A2b sinð=2bÞ=. The
integration limits in region I are from i until the cutoff
v1 ðkÞ, which is the transition between regions I and II. To
write the interactionSuweuse theBorn approximationwhere
only the homogeneous solution of vk is considered. The
solution for vhI;k is the same as the one for u
h
I;k given in (70).
We can now evaluate the particular solution. This is done
in Appendix D, where we considered the general case and
the case of de Sitter inflation. Here we only discuss the
second case, because in this limit we can evaluate the
integrals exactly.
We can see from (D3) and (D4) that the integrals only
depend on the combination k and that the integration
limit is k1 ¼ const. This shows that the integrands for
different modes are related by time translation, as is the late
time cutoff. The cutoff corresponding to the transition
between regions I and II also obeys this symmetry. The
only source of different evolution between different modes
is the initial time which is fixed for all modes.4 If the
integrals are dominated by the earliest times, we would
expect the mode mixing to lead to a large deviation from
scale invariance, whereas if the integrals are dominated by
the contribution close to the transition point between
regions I and II, then scale invariance will be preserved.
We now have to check if the dependency on k which arises
from the initial condition is strong enough to affect the
power spectrum in an important way.
4This is the usual feature in inflationary cosmology that the
only source of violation of the time-translation symmetry be-
tween the evolution of different modes is the initial condition at a
fixed time.
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The terms 1=ðkiÞn in (D9), where n ¼ 3, 2, and 6,
respectively, are always very small since they depend on
ððiÞ=lcÞn, which is small since the initial length scale is
much smaller than lc. Therefore, these terms can be
neglected and the solution is given by
uIð1Þ ¼  1
c3=2s k1=2

 2
82
lce
2iz1

cos

z1  3

c1
þ cos

z1  6

c2

þ

32
cs
1
l2c
e2iz1
 3
ﬃﬃﬃ
2
p
162
3l
2
ce
2iz1

cos

z1  3

cþ1
þ cos

z1  6

cþ2

; (75)
where c1 ¼ eixi  ð1Þ5=6eiyiþi5=3 and c1 ¼
eixiþi7=3ð1Þ7=6  eiyi are oscillating terms in k. We
can read off the important result that the solution maintains
the overall scale invariance of the power spectrum since the
overall amplitude is proportional to k1=2. The phase z1 is
also independent of scale. However, we have an oscillatory
dependence on eizi [since zi ¼ ziðkÞ] coming from the
initial integration limit (the initial time). Note that the
oscillations have a frequency which is proportional to k3.
The overall amplitude of the inhomogeneous term is
smaller than that of the homogeneous one, as one can check
by inserting the expressions for the various constants.
We now move on to a study of the solutions in region 2
in which the equation of motion has a linear dispersion
relation:
u00II k þ c2sk2uII k ¼ Su; (76)
with a homogeneous solution given as a linear combination
of two basis solutions,
uII kðÞ ¼ B1eicsk þ B2eicsk: (77)
As our homogeneous solution we take the one which
matches the full solution at the end of region I (the effect of
the mode mixing in region II will yield the particular
solution in this region). We need to match the solutions
uI k and uII k when the transition between the regions occurs
at1, to determine the coefficients B1 andB2. This gives us
B1 ¼ uI kðiÞe
icsk1
2 sinð=2bÞ
1i
ð1bÞ=2
 eixiðeiy1  eði=2bÞeix1Þ
þ e
icsk1
2

uIð1Þ  icsk u
0
Ið1Þ

; (78)
B2¼uIkðiÞe
icsk1
2sinð=2bÞ
1i
ð1bÞ=2eixiðeiy1eði=2bÞeix1Þ
þe
icsk1
2

uIð1Þ icsku
0
Ið1Þ

: (79)
To determine the particular solution in this region, we use
the same procedure as in region I. The particular solution is
calculated in Appendix D. Again, considering the case of
de Sitter inflation, it follows from (D11) that both of the
integration limits are constant, k1 ¼ ðcs=Þ1=2l0 ¼ const
and k2 ¼
ﬃﬃﬃ
2
p
=cs ¼ const. The integration range will
hence be independent of k. On the other hand, a dependence
on k enters via the homogeneous solution in the source term.
The k dependence of the particular solution comes com-
pletely from the coefficients ~B1 and ~B2 (the coefficients
analogous to the above B1 and B2 which appear in the
homogeneous solution for vk), which are both proportional
to k1=2, indicating that the overall amplitude of the inho-
mogeneous term will respect scale invariance. However, like
in the contribution to the inhomogeneous term in region I,
we still have oscillation.
Evaluating the nine integrals present in the solution
(D11), and using the asymptotic expansion of the
exponential integral function for large arguments, EiðzÞ 
ez=zþ . . . ([43], p. 231), we consider the dominant
contribution from each term. Considering that the contri-
butions of the particular solution in region I and its deriva-
tive in the coefficients ~B1 and ~B2, given in (79), are smaller
than those of the homogeneous one, we can neglect them.
With this approximation, the particular solution becomes
uIIð2Þ ¼  i
c3=2s k1=2
eixi

i
ﬃﬃﬃ
2
p
2
2lH ln

1
22
lH
lc


þ 
2
2
2
l2c
þ
ﬃﬃﬃ
2
p
42
3l
2
Hð~ sinð2
ﬃﬃﬃ
2
p Þ  Þ

;
(80)
where
 ¼ sinð ﬃﬃﬃ2p ðlH=lcÞ þ y1Þ  sinð ﬃﬃﬃ2p ðlH=lcÞ þ x1  =6Þ;
~ ¼ cosð ﬃﬃﬃ2p ðlH=lcÞ þ y1Þ  cosð ﬃﬃﬃ2p ðlH=lcÞ þ x1  =6Þ;
 ¼ sin½ ﬃﬃﬃ2p ð1þ 3lH=lcÞ þ y1  sin½ ﬃﬃﬃ2p ð1þ 3lH=lcÞ
þ x1  =6 (81)
are constants containing terms that depend on z1, which is
independent of k.
Comparing term by term, this particular solution domi-
nates over the one from region I. The particular solution is
oscillatory in k (with a frequencywhich is proportional to k3)
via the overall coefficient eixi . Comparing the amplitude of
the particular solution with that of the homogeneous one, we
see that the overall amplitudes [outside the square brackets of
(80)] are the same. The relative amplitudes of the oscillatory
and constant terms in the mode functions are given by the
coefficients inside the square brackets of (80).Taking thenew
scale appearing in theHLLagrangian to be comparable to the
Planck scale,wefind that the amplitudes of the first two terms
are of order one, not suppressed by factors of H=mpl as the
oscillations obtained in [11] are. The amplitude of the third
term is suppressed by the inflationary slow-roll parameter.
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Since
zi ¼
ﬃﬃﬃ
2
p
3

lc
ðiÞ

2

lH
ðiÞ

; (82)
we see that the frequency of oscillation is set by the initial
time and is very large in units of lHðiÞ [since the second
factor on the right-hand side of (82) is much larger than
unity]. Hence, these oscillations will be very hard to detect
observationally, given a finite frequency resolution of an
experiment.
To evaluate the power spectrum of curvature fluctuations
we need to match the solution in region III to the full
solution in region II at lH crossing.
In region III, we have the equation
u00III k þ
a00
a
uIII k ¼ 0 (83)
with the solution uIII k ¼ CaðÞ. Now, we need to match
the solutions when the mode exits the Hubble radius at 2
to determine C. At 2 the solution in region II is given by
uII kð2Þ ¼  1
c3=2s k1=2
eixiðeicsð 2 1Þhþ eicsð 2 1Þh
Þ
þ 1
2
ðeicsð 2 1Þ þ eicsð 2 1ÞÞ


uIð1Þ  icsku
0
Ið1Þ

þuIIð2Þ; (84)
where h ¼ eiy1  eiðx1=2Þ and h
 is its complex con-
jugate. Thus, the coefficient is C ¼ uIIð2Þ=a.
3. Power spectrum
Finally, we can evaluate the power spectrum of 3, the
Mukhanov-Sasaki variable. This is the only propagating
mode in the IR and it will be the adiabatic perturbation
produced during inflation. The dimensionless power spec-
trum will be calculated at Hubble horizon crossing.
Afterwards, the perturbations freeze until they reenter the
Hubble horizon later in the evolution of the Universe. The
power spectrum is given by
k3P ¼ k3jCj2 ¼ k
322
l20
juIIð2Þj2
¼ 4
2k
l2H
 1c3=2s k1=2 eixiðeicsð 2 2Þhþ eicsð 2 2Þh
Þ
þ 1
2
ðeicsð 2 2Þ þ eicsð 2 2ÞÞ


uIð1Þ  icsku
0
Ið1Þ

þuIIð2Þ
2: (85)
We can see from this solution that the amplitude of the
power spectrum will be scale invariant since all terms are
proportional to k1=2, as we can see in (75) and (80). As
already pointed out, wewill have an oscillation in this power
spectrum coming from terms that depend on zi and itsmixing
with the other terms in the sum. The relative amplitudes
of the oscillations are of order one, show a characteristic
k-dependent frequency, but are too rapid to be detectable by
an experiment with finite frequency resolution.
IV. CONCLUSION
We have studied the generation and early evolution of
cosmological fluctuations in the healthy extension of
Horava-Lifshitz gravity, assuming that there is matter which
leads to an inflationary background cosmology. Since HL
gravity can be viewed as a consistent UV completion of
gravity, it being a power-counting renormalizable model for
quantum gravity, inflation in the context of HL gravity pro-
vides an interesting background to study the trans-Planckian
problem for inflationary cosmological perturbations.
There are two reasons for large deviations from the usual
predictions of standard inflationary cosmology: first, the
dispersion relation on trans-Planckian scales is nonstan-
dard, and second, there is a second scalar metric fluctuation
mode which acts as a source term in the evolution of the
curvature fluctuations. The time interval during which
mode mixing occurs depends on the wave number k of
the fluctuation mode.
The result of our analysis is that the overall scale invari-
ance of cosmological perturbations is maintained in HL
inflation. On the other hand, there are oscillations in the
amplitude of the spectrum as a function of k whose relative
amplitude is of order one and whose frequency shows a
characteristic scaling proportional to k3, the power being
determined by the highest power of the spatial derivative
term in theHLaction. The frequency of oscillation is so high,
however, that it is unlikely that an experiment with finite
frequency resolution will be able to detect these oscillations.
The reason why scale invariance of the spectrum of
cosmological perturbations is maintained in HL inflation
is that the dispersion relation for the fluctuation modes
satisfies the adiabaticity condition, and that the nontrivial
initial vacuum state evolves into the usual one once the
wavelength drops to sub-Planckian values. The oscillations
in the spectrum come from the particular solution of the
mode evolution equation (induced by mode mixing).
Physically, the oscillations are a consequence of the fact
that setting initial conditions for all Fourier modes of the
fluctuation variable at a fixed initial time breaks the time-
translation invariance of the mode evolution.
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APPENDIX A: COEFFICIENTS OF THE SECOND ORDER ACTION
The coefficients of the second order Lagrangian of the healthy extension of Horava-Lifshitz gravity are
dð kÞc ¼ 2ð3 1ÞH
2
2
þ ð 1Þf1ð kÞ
k2
2
; (A1)
dð kÞcc ¼ 2ð3 1Þ
 _20
2
þ 2f1ð kÞ k2

; (A2)
dð kÞcc ¼ 4ð3 1ÞH
_20
2
; (A3)
dð kÞf ¼ ð3 1ÞH
_20
4
 ð 1Þ½V0; þ V4ð0Þ k4
_0
4
; (A4)
dð kÞfc ¼ 24ð3 1ÞHþ 12ð3 1Þ2H3  6ð3 1Þ
_20
2
H  12ð3 1ÞV0
2
ð0ÞH; (A5)
dð kÞfc ¼ 6ð 1Þ
_20
2
 3ð3 1Þð3þ 1Þ
_20
2
H2  3
2
ð 1Þ
_30
4
þ 3ð 1ÞV0ð0Þ
2
H
 2ð 1Þ½3f1ð kÞ þ 2f2ð kÞ
_0
2
k2; (A6)
dð kÞ fc ¼ 4ð3 1Þ
V0;
2
ð0ÞH ð3 1Þ
3
0
2
 2ð3 1Þf1ð kÞ
_0 k
2
2
þ 4ð3 1ÞV4ð0ÞH
k4
2
; (A7)
dð kÞm2 ¼ 2ð3 1Þ
V0;ð0ÞH2
2
þ 3
2
ð3 1Þ
_20H
2
4
þ ð3 1ÞV0;ð0Þ
_0H
4
þ 1
2
ð 1ÞV0;ð0Þ
_20
4
þ 1
2
ð 1ÞV0;ð0Þ
2
4
 1
4
_40
6


4ð3 1ÞV1ð0ÞH
2
2
 ð 1Þf1ð kÞ
V0;ð0Þ
2
þ 1
2
½f1ð kÞ þ 2ð 1Þ
_20
4

k2
þ

4ð3 1Þ½V4;ð0Þ þ V2ð0ÞH2 2ð 1Þf1ð kÞV1ð0Þ þ ð3 1ÞV4ð0Þ
_0H
2
þ ð 1Þ½V4;ð0Þ
þþV2ð0Þ
_20
2
 k4
2
þ f4ð3 1ÞV6ð0ÞH22þ 2ð 1Þf1ð kÞ½V2ð0Þ þ V4;ð0Þ2
þ ð 1ÞV6ð0Þ _20g
k6
4
þ

4ð 1Þf1ð kÞV6ð0Þ4 þ 12 ð 1ÞV4ð’0Þ
22
 k8
6
; (A8)
dð kÞm2c ¼
9
2
ð3 1Þ2
_0H
3
2
þ 3
2
ð3 1Þð3 7ÞV0;ð0ÞH
2
2
 3
4
ð3 1Þ½ _20 þ 2V0ð0Þ
_0H
4
þ 3
2
ð 1Þ

3
2
_20 þ V0ð0Þ

V0;ð0Þ
4
 3ð3 1Þ
_0H
2
 3ð 1ÞV0;ð0Þ
2
þ

2ð3 1Þf2ð kÞ
_0H
2
 ð 1Þ½3f1ð kÞ  2f2ð kÞ
V0;ð0Þ
2

k2 

3
V4ð0Þ
2
þ 9
2
ð3 1ÞV4ð0ÞH
2
2
þ 3
4
½ _20 þ 2V0ð0Þ
V4ð0Þ
4

ð 1Þ k4 þ 2ð 1Þf2ð kÞV4ð0Þ
k6
2
; (A9)
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dð kÞm2c ¼ 3

4ð3 1ÞH2 þ ð 1Þ
_20
2



3
2
ð13 11Þ _20  6V0ð0Þ

ð3 1ÞH
2
2
þ78ð3 1Þ2H4
 3
4
ð 1Þ
_40
4
þ 3
2
ð 1ÞV0ð0Þ
_20
4
þ

6½f1ð kÞ  4f2ð kÞþ3ð3 1Þ½13f1ð kÞ  12f2ð kÞH2
 1
2
½3f1ð kÞ þ 12f2ð kÞ  4
_20
2
þ 3½f1ð kÞ  4f2ð kÞV0ð0Þ
2

ð 1Þ k2 þ

4ð 1Þ½f1ð kÞ þ 2f2ð kÞ2
þ 8ð3 1Þð8g2 þ 3g3ÞH
2
2
þ 2ð 1Þð8g2 þ 3g3Þ
_20
4

k4 þ

4ð 1Þf1ð kÞð8g2 þ 3g3Þ
þ 8ð3 1Þð8g7  3g8ÞH
2
2
þ 2ð 1Þð8g7  3g8Þ
_20
4
 k6
2
þ 4ð 1Þf1ð kÞð8g7  3g8Þ
k8
4
: (A10)
APPENDIX B: ROTATED COEFFICIENTS
The coefficients of the rotated second order Lagrangian are
F3 ¼
1
2
ð1þ cos2
Þf þ 12 ð1 cos2
Þfc þ
sin2

2
ðfc þ ~fc Þ; (B1)
F4 ¼
1
2
ð1 cos2
Þf þ 12 ð1þ cos2
Þfc 
sin2

2
ðfc þ ~fc Þ; (B2)
F34 ¼
sin2

2
ðfc  fÞ þ 12 ð1þ cos2
Þfc 
1
2
ð1 cos2
Þ~fc ; (B3)
~F 34 ¼
sin2

2
ðfc  fÞ þ 12 ð1þ cos2
Þ
~fc þ 12 ð1 cos2
Þfc ; (B4)
M23 ¼
1
2
ð1þ cos2
Þm2 þ
1
2
ð1 cos2
Þm2c þ
sin2

2
m2c ; (B5)
M24 ¼
1
2
ð1 cos2
Þm2 þ
1
2
ð1þ cos2
Þm2c 
sin2

2
m2c ; (B6)
M234 ¼
sin2

2
ðm2c m2Þ þ cos2
m2c ; (B7)
where
sin2
 ¼ ccﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcc  cÞ2 þ c2c
q ; cos2
 ¼ cc  cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcc  cÞ2 þ c2c
q : (B8)
The general form of the cx coefficients is quite involved and will not be written down here.
APPENDIX C: COEFFICIENTS OF THE UV EOM
The coefficients of the UV equation of motion are given by
2 ¼ 4 ~V6
4
; 2 ¼ 2
2
ð ~V2 þ ~V4;Þ; c2s ¼
~V4
24
 2V1; 2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
3 1
s
5
4
~V4
2
; (C1)
2 ¼  1
3 1
1
4

ð8g7  3g8Þ þ 2
2
5
4

; 2 ¼  1
3 1
ð8g2  3g3Þ
2
; ~c2s ¼  13 1 ; 	
2 ¼ 2; (C2)
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2 ¼ 2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
3 1
s
_0
2
ð3 1Þ
ð 1Þ þ 3þ 2
5
4

; (C3)
3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
3 1
s
€0


3þ 25
4

; 3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
3 1
s
€0

: (C4)
APPENDIX D: PARTICULAR SOLUTIONS
Region I:
We are going to evaluate the particular solution uI ¼ 1 þ 2. Making the change of variable  ¼ k, we have
1 ¼ i


2b

3=2 1
sinð=2bÞ
1=2
k1=2
J1=2bðz1Þ


2
bl0

eixi
Z 1
iðkÞ
d kð3bÞ=2 ð1þbÞ=2J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d kð3bÞ=2 ð1þbÞ=2J1=2bðzÞJ1=2bðzÞ

þ 
2
l20

eixi
Z 1
iðkÞ
d k3b bJ1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d k3b bJ1=2bðzÞJ1=2bðzÞ

þ3l20

eixi
Z 1
iðkÞ
d kb3 2bJ1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d kb3 2bJ1=2bðzÞJ1=2bðzÞ

; (D1)
2 ¼ i


2b

3=2 1
sinð=2bÞ
1=2
k1=2
J1=2bðz1Þ


2
bl0

eixi
Z 1
iðkÞ
d kð3bÞ=2 ð1þbÞ=2J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d kð3bÞ=2 ð1þbÞ=2J1=2bðzÞJ1=2bðzÞ

þ 
2
l20

eixi
Z 1
iðkÞ
d k3b bJ1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d k3b bJ1=2bðzÞJ1=2bðzÞ

þ3l20

eixi
Z 1
iðkÞ
d kb3 2bJ1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d kb3 2bJ1=2bðzÞJ1=2bðzÞ

(D2)
where z ¼ k3b b=bl20. In the case of de Sitter inflation, this particular solution reduces to
1 ¼  i2


6

3=2 1=2
k1=2
J1=2bðz1Þ 

2
3l0

eixi
Z 1
iðkÞ
d  2J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d  2J1=2bðzÞJ1=2bðzÞ

þ 
2
l20

eixi
Z 1
iðkÞ
d  3J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d  3J1=2bðzÞJ1=2bðzÞ

þ3l20

eixi
Z 1
iðkÞ
d 
1

J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d 
1

J1=2bðzÞJ1=2bðzÞ

; (D3)
2 ¼  i2


6

3=2 1=2
k1=2
J1=2bðz1Þ 

2
3l0

eixi
Z 1
iðkÞ
d  2J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d  2J1=2bðzÞJ1=2bðzÞ

þ 
2
l20

eixi
Z 1
iðkÞ
d  3J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d  3J1=2bðzÞJ1=2bðzÞ

þ3l20

eixi
Z 1
iðkÞ
d 
1

J1=2bðzÞJ1=2bðzÞ  eiyi
Z 1
iðkÞ
d 
1

J1=2bðzÞJ1=2bðzÞ

(D4)
where z ¼  3=3l20.
We can now evaluate the 12 integrals that we have in this solution. We are only computing them for de Sitter inflation.
The solutions of these integrals are polynomials multiplied by generalized hypergeometric functions. These functions can
be written in terms of Meijer functions, general functions that contain most of the special functions as a special case and
that are defined as a path integral in the complex plane [44,45]. For example, the integral
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i1 ¼ i8 ¼
Z 1
iðkÞ
d  2J1=2bðzÞJ1=2bðzÞ (D5)
¼ 
3
3 2
F3ð1=2; 1=2; 5=6; 7=6; 9=6;z2Þ
¼ 
3
6
ﬃﬃﬃﬃ

p G1;22;4 z2
 1=2; 1=2;0; 1=6;1=6; 1=2
 
: (D6)
All integrals give the generalized hypergeometric function
with p ¼ 2 and q ¼ pþ 1 ¼ 3, which is a special case of
the Meijer function with m ¼ 1, n ¼ 2 ¼ p, and q ¼ 4.
The last integral in (D4) [and its counterpart in (D3)] is an
exception resulting in a hypergeometric function with p ¼
3 and q ¼ 4 that is a special case of the Meijer function
with m ¼ 1, n ¼ 3 ¼ p, and q ¼ 5.
To be able to work with these results we make use of the
asymptotic expansion of the Meijer function for large z. For
the Meijer functions presented here, we use theorem 1.8.5,
the case (1.8.13) in [45], verifying that the functions ob-
tained obey all the conditions imposed in the theorem:
Gn;mp;q z2
 a1; . . . ; am; amþ1; . . . ; apb1; . . . ; bn; bnþ1; . . . ; bq
 !
Dm;np;q ðÞHp;q½z2 exp½ið
  2Þ; (D7)
where 
 ¼ qm n, 
 ¼ pþmþ n, and
argðz2Þ ¼ 0. In all of our cases
¼1¼
 andDm;np;q ðÞ ¼
Am;nq ¼ ð2iÞ
 exp½iðPnj¼1 aj Pqj¼mþ1 bjÞ, as follows
from (1.7.23) and (1.7.2) of [45]. The functionHp; q can be
written as a series:
Hp;q½x ¼ exp½ðp qÞx1=ðpqÞx


ð2Þðqp1Þ=2
ðq pÞ1=2 þOðx
ð1=ðqpÞÞÞ

; (D8)
with 
¼½Pqj¼mþ1bjPnj¼1ajþðpqþ1Þ=2=ðqpÞ.
This asymptotic expansion was applied in all of the
results and, after some algebra, the particular solution
simplifies to
1 þ 2 ¼  14
1
ðcskÞ1=2

l20


2

2
2l0

1
31
e2iz1  1
3i
e2izi

cos

z1  3

c1 þ cos

z1  6

c2

þ

2
l20

1
21
e2iz1  1
2i
e2izi

3l20

1
61
e2iz1  1
6i
e2izi

cos

z1  3

cþ1 þ cos

z1  6

cþ2

þ 43l20

l20

2
ln

ðiÞ
lc

3

cos

z1  3

þ cos

z1  6

: (D9)
Region II:
To determine the particular solution, uII ¼ ~1 þ ~2, we make the change of variable  ¼ k and get
uII¼ i2

i2l0

ð ~B1eics 2  ~B2eics 2Þ
Z 2
1
d kðb3Þ=2 ð1bÞ=2
þ
Z 2
1
d kðb3Þ=2 ð1bÞ=2ð ~B1eics 2e2ics  ~B2eics 2e2ics Þ

þ
2
l20

ð ~B1eics 2 þ ~B2eics 2Þ
Z 2
1
d k3b b1þ
Z 2
1
d k3b b1ð ~B1eics 2e2ics þ ~B2eics 2e2ics Þ

þ3l20

ð ~B1eics 2 þ ~B2eics 2Þ
Z 2
1
d kb3 1bþ
Z 2
1
d kb3 1bð ~B1eics 2e2ics þ ~B2eics 2e2ics Þ

; (D10)
where ~B1 and ~B2 are the coefficients of the homogeneous equation in region II for vk. They are equal to (79), since the
coefficients of the equations of motions of u and v were set to be the same, for simplicity.
For de Sitter inflation, the solution is
uII ¼  i2

i2l0

ð ~B1eics 2  ~B2eics 2Þ
Z 2
1
d 
1

þ
Z 2
1
d 
1

ð ~B1eics 2e2ics   ~B2eics 2e2ics Þ

þ 
2
l20

ð ~B1eics 2 þ ~B2eics 2Þ
Z 2
1
d  2 þ
Z 2
1
d  2ð ~B1eics 2e2ics  þ ~B2eics 2e2ics Þ

þ3l20

ð ~B1eics 2 þ ~B2eics 2Þ
Z 2
1
d 
1
2
þ
Z 2
1
d 
1
2
ð ~B1eics 2e2ics  þ ~B2eics 2e2ics Þ

: (D11)
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